We show that the set of frequently universal harmonic functions on a tree T contains a vector space except 0 which is dense in the space of harmonic functions on T seen as subset of C T . In order to prove this we replace the complex plane C by any separable Fréchet space E and we repeat all the theory.
Introduction
For the theory of universality and the use of Baire's Category theorem we refer to [9] , [8] , [13] , [6] , [12] , [4] , [7] , [5] .
A tree T is a connected, simply connected countable graph without non-trivial loops. With abuse of notation we shall also write T for the set of vertices of the tree. We do not assume that T is homogeneous: The number of edges joining at every vertex may be different, but shall always be finite. For x, y ∈ T we write x ∼ y if x and y are neighbors, and also for any x, y ∈ T there exists a unique natural number n ∈ N and a unique minimal finite sequence {z 0 , z 1 , . . . , z n } such that z 0 = x, z n = y and z k ∼ z k+1 for every k < n; this sequence is called the geodesic path from x to y and will be denoted by [x, y] .
The natural number n as above is called the length of [x, y] and will be denoted by ℓ(x, y); ℓ is a metric on T . By fixing a reference vertex x 0 ∈ T we obtain a partial ordering ≤ as such: x ≤ y if x belongs to the geodesic path from x 0 to y. We denote by y − the unique neighbor of y = x 0 that belongs to [x 0 , y] that is y − ≤ y. We call y − the parent of y. We shall denote with T n the set of all vertices at distance n from x 0 , and with T 0 = {x 0 }. For every x ∈ T we also denote with S(x) the set of all y ∈ T such that y ∼ x and y = y − ; we will assume that for every vertex x, the set S(x) contains at least two elements. For every x ∈ T and every y ∈ S(x) ∪ {x − } we associate a number q(x, y) ≥ 0 such that q(x, x − ) = 0 and q(x, y) > 0 for all y ∈ S(x). These numbers satisfy:
y∈S (x) q(x, y) = 1.
The set T is infinite denumerable. The space C T of all complex valued functions defined on T is a complete metric space with respect to the metric:
where {x j : j ∈ N} is any enumeration of T . The induced topology is the topology of pointwise convergence. Definition 1.1. A function f : T → C is said to be Q-harmonic (or simply harmonic) if for all vertices x ∈ T the following holds:
The set H Q (T ) of all Q-harmonic functions on T is a closed subset of C T and thus, a complete metric space. (Therefore Baire's Category Theorem applies, [9] , [8] ).
We define the boundary ∂T of the tree T to be the set of all the infinite geodesics starting at x 0 ; that is, all e = {z n : n ∈ N} such that z 0 = x 0 and z n+1 ∈ S(z n ) for every n ∈ N. A vertex x ∈ T defines a boundary sector B x of ∂(T ) which is the set of all e ∈ ∂T such that x ∈ e. We assign a probability p(B x ), where x ∈ T n , as the product n−1 j=0 q(y j , y j+1 ), where y j ∈ T j , y n = x, y 0 = x 0 and of course y j ∼ y j+1 , for every j: 0 ≤ j ≤ n − 1. The family {B x } x∈Tn generates a σ-algebra M n on ∂T and the above probabilities p(B x ) extend to a probability measure P n on M n . One can check that M n ⊆ M n+1 and P n+1 | Mn = P n for every n ∈ N. The Kolmogorov Consistency Theorem ( [10] ) implies that there exists a unique probability measure P on the σ-algebra M of subsets of ∂T generated by the union
Let f ∈ H Q (T ) be a harmonic function. Then a sequence ω n (f )
of functions ω n (f ) : ∂T → C is defined by setting ω n (f )(e) = f (y n ), where y n ∈ e ∩ T n , for every e ∈ ∂T and every n ∈ N. It is obvious that the restriction of ω n (f ) on B x (x ∈ T n ) is constant and therefore, ω n (f ) is M n -measurable and hence M-measurable. Since f (x) = y∼x q(x, y)f (y) it follows that the sequence (ω n (f ), M n , P) ∞ n=0 defines a martingale and thus
⊆ τ such that ω λn (f ) converges to Ψ in probability.
Remark 1.3. In Definition 1.2 it is equivalent to require that a subsequence ω λ kn (f ) of ω λn (f ) converge to Ψ P-almost surely. The space of M-measurable functions on ∂T shall be denoted by L 0 (∂T, C) = L 0 (∂T ) and considered with the topology induced by convergence in probability is a complete metric space with respect to the metric
2 is analogue to the definition of universal trigonometric series in the sence of Menchoff ([12] ).
In [3] the following theorems are proven: 
In [3] the following definition has been given:
, the set {n ∈ {0, 1, 2, . . .} : ω n (f ) ∈ V } has positive lower density. The set of frequently universal harmonic functions will be denoted as
The following theorem is stated in [3] without proof. The motivation of the present paper was to strengthen Theorem 1.5 by proving that U F M ∪ {0} contains a vector space which is dense in H Q (T ). Initially we proved it by considering functions f = (
with the Cartesian topology. We use the notation:
N endowed with the Cartesian topology. Also f is called frequently universal, if, for every non-empty open set V ⊂ L 0 (∂T, C N ) the set: {m ∈ N : ω m (f ) ∈ V } has strictly positive lower density. If f = (f 1 , f 2 , . . .) is frequently universal then it can be easily seen that the linear span of f 1 , f 2 , . . . except zero, i.e. span{f 1 , f 2 , . . .}\{0} is contained in the set of frequently universal functions U F M . Furthermore, the sequence f 1 , f 2 , . . . can be chosen to be dense in H Q (T ) and simultaneously f = (f 1 , f 2 , . . .) to be frequently universal. It follows that span{f 1 , f 2 , . . .} is a dense vector subspace of H Q (T ) contained in U F M ∪ {0}. Thus, we have algebraic genericity for U F M which strengthens Theorem 1.5. It is also possible to repeat all the theory for the new harmonic universal functions
In order to prove algebraic genericity of the frequently universal functions
.. and to repeat the theory for this new space and so on.
The spaces ((H
N 0 are separable Fréchet spaces and everything will be simplified if we fix E a separable Fréchet space (on the field of real numbers R or complex numbers C), if we consider the space
with the cartesian topology and if we define what it means that f ∈ H Q (T, E)
is universal or frequently universal and repeat all the theory. This is done in the following sections and as a corollary we obtain the algebraic genericity of U F M .
Universal harmonic functions
Let T be a tree as in §1 and let E be a separable Fréchet space. We denote by d the metric in E.
The set of such functions is denoted by H Q (T, E). It is a subset of E T endowed with the cartesian topology.
Since E is complete and T denumerable, those spaces are complete.
Since E is a separable metric space, the same is true for E T and H Q (T, E).
If f ∈ H Q (T, E), the function ω n (f ) : ∂T → E is defined in a similar way as in §1 and the sequence ω n (f ), n = 0, 1, 2, . . . is a martingale with values in E.
Identifying two M -measurable functions if they are P -almost everywhere equal, we obtain the space L 0 (∂T, E).
We endow L 0 (∂T, E) with the topology of convergence in probability, that is, for any
Since E is separable, for every n the space of M n -measurable functions defined on
∂T with values in E is separable. It follows that L 0 (∂T, E) is also separable and it has a dense sequence
Theorem 2.3. Under the above assumptions and notation the set U (T, E) is a dense and
Proof. The proof is similar to the proof of Theorem 2.2 in [3] and is omitted. It suffices to replace C by E.
Remark 2.5. Let E, F be two isomorphic separable Fréchet spaces and ϕ :
Frequently universal harmonic functions
In analogy with Definition 1.7 we give the following definition.
has strictly positive lower density. We denote the set of such functions by
Remark 3.2. If E and F are two isomorphic separable Fréchet spaces and
Theorem 3.3. Under the above assumptions and notation U F M (T, E) is dense and meager in
The proof of Theorem 3.3 is a modification of the proof in [1] , [2] . Since these papers are not yet published we give all the details of the proof.
Proof of Theorem 3.3. We consider a dense sequence {h k , k ∈ N} in H Q (T, E) where each h k is M k -measurable. It can be easily seen that such a sequence exists according to Remark 2.4.
To construct a frequently universal function f it suffices that, for every k ∈ N the set: {n ∈ N : ω n (f )
This sequence has the following properties:
(iv) For m ≥ 1 the set {r n : n ∈ N, ℓ(n) = m} has strictly positive lower density.
Proof of Lemma 3.4. ([1]) , [2] ). i) This is obvious. ii) To see this we proceed by induction on N: For N = 0, 1 it is obviously true. Suppose that r 2 N = 2 N +1 − 1, we will prove that r 2 N+1 = 2 N +2 − 1.
We have that
We set
We have that S 1 = S 2 because for k = 1, 2, . . . , It follows that:
We also have
ℓ(k) = r 2 N and therefore: r 2 N+1 = 2(r 2 N ) + 1 and using the induction hypothesis we find r 2 N+1 = 2(2 N +1 − 1) + 1 = 2 N +2 − 1.
This proves property (ii)
iii) For m = 1 half of the k ∈ [1, 2 N ], k ∈ N satisfy ℓ(k) = 1 (the odd k), so
For m = 2 we have half of the half (that is 1 4 ) which give
Continuing this way we see that:
iv) We want to show that the set:
{r n : n ∈ N; ℓ(n) = m} has strictly positive lower density in N.
The sequence r n is increasing so we have to show that lim inf
Because r 2 N = 2 N +1 − 1 it suffices to show the following:
Since the sequence r n is strictly increasing this reduces to the following
Indeed, we have that the numerator is equal to 2 N −m as we have already seen. The denominator equals 2 N +1 . Thus, we find 2 N −m 2 N +1 = 2 −m−1 > 0. Thus, the set {r n : n ∈ N with ℓ(n) = m} has strictly positive lower density.
The proof of Lemma 3.4 is completed.
To construct a function f ∈ U F M (T, E) it suffices to construct f ∈ H Q (T, E) such that:
where the sequence h n , n = 0, 1, . . . is dense in H Q (T, E) and each h n is M n -measurable, as previously mentioned. For this purpose, we will need the following lemma. 
Proof of Lemma 3.5. ([1], [2] ). Consider a vertex v ∈ T s . Let V ⊆ T s+n be the set of all vertices of T s+n which are at distance n from v. Clearly V contains a vertex w such that the probability to go from v to w is less than or equal to 1 2 n . We set Ψ (u) = h n (e) where e ∩ T s+n = {u} for every u ∈ V \{w}. Ψ is well-defined this way because h n is M n+s -measurable and hence the value of h n (e), where e ∩ T s+n = {u} does not depend on the choice of e.
Clearly we can extend Ψ to all vertices x ∈ T s+1 ∪ · · · ∪ T s+n such that v ∈ [0, x] in such a way that Ψ is harmonic.
We do the same procedure with all vertices of T s and we define Ψ on T 0 ∪ · · · ∪ T s+n which is harmonic on T 0 ∪ · · · ∪ T s+n−1 and extends ϕ. We also have: ω s+n (Ψ ) ∈ B h n , 1 2 n because the set {w = w(v) ∈ T n+s : v ∈ T s } has probability at most 1 2 n and outside this set we have Ψ ≡ h n on T n+s . This proves Lemma 3.5.
By Lemma 3.5 it is possible to construct f ∈ H Q (T, E) by induction such that
Indeed, it suffices to apply Lemma 3.5 for s = r k−1 , n = ℓ(k), s + n = r k because
We have that ω r k (f ) ∈ B h ℓ(k) , 1 2 ℓ(k) for each k ∈ N. Since, according to Lemma 3.4, the set {r k , k ∈ N : ℓ(k) = n} has positive lower density, f is frequently universal.
Hence U F M (T, E) = ∅. We will now prove that U F M (T, E) is dense.
We consider f 0 ∈ U F M (T, E). We also consider ϕ ∈ H Q (T, E) such that ω n (ϕ) = ω n 0 (ϕ) for every n ≥ n 0 for some n 0 ∈ N. We can easily see that f 0 +ϕ ∈ U F M (T, E) by considering the open set V − ω n 0 (ϕ) and using the fact that the set {n ∈ N : ω n (f 0 ) ∈ V − ω n 0 (ϕ)} has positive lower density. Since the set L = {ϕ ∈ H Q (T, E) : ω n (ϕ) = ω n 0 (ϕ) for all n ≥ n 0 for some n 0 (ϕ) ∈ N} is dense in H Q (T, E) the same holds for the set of translations f 0 + ϕ, ϕ ∈ L. This set is dense and contained in U F M (T, E). This proves the density of U F M (T, E).
We will now prove that U F M (T, E) is meager in H Q (T, E). We need the following preliminaries: 
Proposition 3.8. The class X(T, E) is Gδ and dense in H Q (T, E).
Proof of Proposition 3.8.
Let V j , j ∈ N be a denumarable base of open sets in L 0 (∂T, E) and n, m ∈ N. We consider the set: E(j, m, n) = {f ∈ H Q (T, E): There exists q ∈ N : n > q > 1− 1 m ·n and natural numbers n 1 , n 2 , . . . , n q such that 1 ≤ n 1 < n 2 < · · · < n q < n: ω n ℓ (f ) ∈ V j for all ℓ = 1, 2, . . . , q}.
Then it can be seen that:
We can easily see that E(j, m, n) is open for every j, m, n ∈ N. Therefore X(T, E) is Gδ in H Q (T, E). In order to use Baire's Category Theorem in the complete metric space H Q (T, E) it suffices to prove that n≥N E(j, m, n) is dense in H Q (T, E). We imitate the proof of the density in Theorem 2.3.
We construct a harmonic function f up to a certain level n 1 such that ω n 1 (f ) ∈ V j . We extend harmonically f so that ω k (f ) = ω n 1 (f ) for all k = n 1 , n 1 +1, . . . , n 1 +σ where
This extension is harmonic because q(x, x − ) = 0. This proves Proposition 3.8.
Proof of Proposition 3.9. ([1] , [2] ). We suppose that X(T, E) ∩ U F M (T, E) = ∅ to arrive at a contradiction. Let f be an element of
Since f ∈ U F M (T, E), there exists δ > 0 and m ∈ N, such that card({n ∈ N : n ≤
Since f ∈ X(T, E) there exists N 0 ≥ m such that
Combining those two we find:
Thus: 1 + N 0 > 1 + N 0 which is absurd. This proves Proposition 3.9.
Since U F M (T, E) is disjoined from X(T, E), which is Gδ and dense, we conclude that U F M (T, E) is meager in H Q (T, E). This completes the proof of Theorem 3.3.
Algebraic genericity
Let E be a separable Fréchet space, then the infinite denumerable product E N is also a separable Fréchet space. According to Theorem 3.3 there exists f = (f 1 , f 2 , . . .) ∈ U F M (T, E N ) where f k : T → E are harmonic functions. 
Proof. We consider a linear combination of those f n , n ∈ N, a 1 f 1 + · · · + a s f s where a s = 0.
Let V be a non-void, open subset of L 0 (∂T, E). There exists some function h such that B h, 1 2 M ⊆ V for some M ∈ N. Let ε = 1 s · 2 M and we consider the set:
(We assume 1 0 = ∞ and hence min{∞, 1} = 1).
Since f ∈ U F M (T, E N ) we have that the set {n ∈ N : ω n (f ) ∈ V } has positive lower density. Therefore, for all n in this set we have
for 1 ≤ i ≤ s − 1 and
We now have:
where we used the fact that the metric d in the Fréchet space E is invariant under translations. This implies ω n (a 1 f 1 + · · · + a s f s ) ∈ B h, 1 2 M ⊆ V and this is true for every n ∈ N such that ω n (f ) ∈ V . The set of such n ∈ N has positive lower density. As a result the set {n ∈ N : ω n (a 1 f 1 + · · · + a s f s ) ∈ V } has positive lower density. This implies that
The proof of the claim is completed.
Next we will show the following.
Proof of the claim. We consider a sequence {ϕ n : n ∈ N} which is dense in H Q (T, E) and a function f ∈ U F M (T, E N ), f = (f 1 , f 2 , . . .).
For every n ∈ N there exists some j 0 (n) ∈ N such that:
Algebraic genericity of frequently universal harmonic functions on trees
For each n ∈ N we set g n (x j ) = ϕ n (x j ) − f n (x j ) for all j = 0, 1, . . . , j 0 (n) − 1.
There also exists some N (n) such that {x 0 , x 1 , . . . , x j 0 (n) } ⊆ N (n)
k=0
T k .
Then we also set g n (x) = ϕ n (x) − f n (x) for every x ∈ N (n)
T k and all n ∈ N.
Finally, we set g n (x) = g n (x − ) for every x ∈ T k , k > N (n). We notice that ω k (g n ) = ω N (n) (g n ) for every k > N (n).
As a result: g n + f n ∈ B ϕ n , 1 n for each n ∈ N.
Since the set {ϕ n : n ∈ N} is dense in H Q (T, E) we deduce that the set of functions: {g n + f n : n ∈ N} is also dense in H Q (T, E).
We will now show that the function f + g = (f 1 + g 1 , f 2 + g 2 , . . .) ∈ H Q (T, E N ) is frequently universal.
The metric ρ in the space L 0 (∂T, E N ) is equivalent to the cartesian metric when considering L 0 (∂T, E N ) as the infinite denumerable product space of L 0 (∂T, E). We have that a basic open set V in the space (L 0 (∂T, E N ), ρ) can be written as
where V i i = 1, . . . , s are non-void open sets in L 0 (∂T, E).
We have that ω n (g 1 ) = ω N 1 (g 1 ) for n ≥ N 1 , . . . , ω n (g s ) = ω N (s) (g s ) for n ≥ N s .
We set L = max{N (j) : 1 ≤ j ≤ s}. Then for all n ≥ L and j = 1, 2, . . . s we have that ω n (g j ) = ω L (g j ).
Since f ∈ U F M (T, E N ) and V − ω L (g) is open we have:
Since V was an arbitrary basic open set in L 0 (∂T, E N ) it follows that f +g ∈ U F M (T, E N ).
The proof of the claim is complete.
Combining Claims 4.1 and 4.2 we obtain Theorem 4.3. Under the above assumptions and notation U F M (T, E) ∪ {0} contains a vector space which is dense in H Q (T, E).
